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Nomenclature

Acronym Meaning

CDI Channel Distribution Information

FNO Fourier Neural Operator

LOS Line-Of-Sight

NLOS Non-Line-Of-Sight

DFT Discrete Fourier Transform

FFT Fast Fourier Transform

RT Ray Tracing

GELU Gaussian Error Linear Unit

ReLU Rectified Linear Unit
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Preface

Notation Description

V Vector space

F Field that is either R or C

Q The set of rational numbers

0 Zero vector

P Set of polynomials

k·k Norm

L The set of linear operators

L
p The space of Lebesgue measurable functions with the Lp-norm

R+ The set of non-negative real numbers

F Fourier transform

F�1 Inverse Fourier transform

G
† Solution operator

i Imaginary number;
p
�1

N Normal distribution

E Expected value

r Del operator
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1 Introduction

In communication systems, the signal received at a certain location is determined by the
transmitted signal and the communication channel between the transmitter and the receiver
[33, p. 55]. Within wireless communication channels, the signal can propagate along multiple
paths, which can be either direct or indirect, depending on whether the signal is reflected by
objects. As the signal travels from transmitter to receiver, it can be subject to phenomena
such as reflection, diffraction, scattering, and diffusion, depending on the characteristics of
the transmission environment. This gives rise to multipath propagation, which alters the
phase and amplitude of the received signals [18, p. 3] [10, p. 27]. These alterations, along
with path loss, shadowing, noise, and interference, contribute to the random behaviour of
a wireless channel [8, p. 1478]. This random behaviour of the wireless channel impacts the
reliability of the received signal.

Obtaining measurements for all characteristics of a communication channel at every location
of interest can be expensive and, in some cases, impossible. Therefore, it is desirable to esti-
mate channel characteristics at locations without conducting actual measurements [39, p. 1].
However, the random variations make accurate estimation and characterisation of the channel
properties in a wireless communication system challenging. Therefore, to ensure reliable and
efficient communication performance, these technical challenges must be addressed [10, p. 7].
Maxwell’s equations have been historically used as the foundation for understanding radio
wave propagation. Computational limitations, however, restricted their application to simple
environments. The development of finite-element analysis and ray-tracing techniques made it
possible to approximate the solutions of Maxwell’s equations in more complex environments.
However, their computational complexity and dependency on 3D modules of all objects limit
their applicability. Therefore, to address the challenges of characterising the propagation of
radio waves across space, the concept of radio map estimation was proposed [33, p. 54].

Radio map estimation is the process of constructing a map that represents the distribution
of wireless communication channel parameters across a given area. This involves utilising
spatially distributed measurements from sensors alongside their locations and applying inter-
polation techniques to estimate channel parameters at locations where direct measurements
are unavailable. This approach does not require physical modelling of the propagation envi-
ronment, thus serving as a data-driven alternative to the earlier mentioned techniques [33,
pp. 53–54]. Recent papers have used deep learning algorithms, such as convolutional neural
networks [25] [39], deep neural networks [23], and transfer learning [17], to estimate radio
maps.

Understanding radio maps and how they can be estimated is essential for comprehending
the challenges associated with interpolating the channel characteristics of points in the chan-
nel where no measurements are available. An introduction to radio maps will therefore be
provided, along with related work and applications for it.
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1.1. Radio Maps

1.1 Radio Maps

A radio map is a spatial representation of the characteristics of a wireless communication
channel across a geographical area. The characteristics can be the received signal power,
power spectral density, or channel gain [33, p. 53] [35, p. 1].

Types of Radio Maps

There are different types of radio maps, depending on the application and the characteris-
tics of the wireless environment. The most common types of radio maps are based on the
received signal strength or the propagation channel effects, called signal strength maps and
propagation maps, respectively [33, p. 55]. Some selected signal strength maps are presented
in Table 1.1.

Type of Map Example of Application

Coverage map Locate coverage holes

Power map Locate areas with high interference

Power spectral density map Analyse frequency usage

Table 1.1: Three selected types of the signal strength maps.

A coverage map provides insights into the coverage areas of wireless networks, identifying
areas with weak or no coverage and allowing for the determination of suitable locations for
deploying new base stations. A power map is used to map the transmitted power levels,
providing information about coverage patterns, signal propagation properties, and possible
areas of interference. By far, power maps are the radio maps that garnered the most interest
[34, p. 55]. A power spectral density map distributes the power across the frequency domain,
as opposed to power maps that just obtain it across space. This helps to understand the
frequency-domain characteristics of the wireless environment [33, pp. 55–56].

Radio maps that only focus on the channel are called propagation maps. Each specific
aspect of the propagation environment gives rise to a different kind of propagation map. It
could, for example, be the channel gain. Channel gain maps use the transmitter and receiver
locations to provide the channel gain. With a channel gain map and information about the
locations and transmit powers within a specific area, it is possible to obtain a power map [33,
p. 56].

Changes in the locations and transmit powers affect only signal strength maps; however,
alterations in the scattering environment, such as the construction of new buildings, affect
both propagation and signal strength maps [33, p. 56].

Radio maps can also leverage statistical knowledge of the communication channel by incor-
porating spatial correlations of channel statistics based solely on location. This is known as
a channel distribution information (CDI) radio map [19, p. 1].
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1.1. Radio Maps

Estimating Radio Maps

Radio map estimation is based on a collection of measurements acquired by spatially dis-
tributed sensors along with their locations. These sensors capture metrics such as signal
strength and propagation patterns. Interpolation techniques are then employed to address
spatial gaps in the dataset and generate a complete map. Estimating radio maps can help
adapt to variables such as signal strength, transmission speed, and other factors affecting
wireless communication performance [18, p. 4].

Numerous approaches exist for estimating radio maps, roughly grouped into two categories:
data-driven methods and model-based methods [33, p. 54]. Data-driven methods rely on
empirical measurements collected from specific locations to estimate values at non-measured
locations. This is done by using signal processing approaches such as Kriging, K-nearest
neighbours, tensor completion, support vector regression, or matrix completion [25, p. 2].
Kriging is a common spatial interpolation technique that is extensively applied to radio map
estimation [23, p. 1]. Data-driven methods are simple to implement and computationally
efficient; however, they may not always capture the full range of environmental factors that
influence signal propagation [15, p. 1]. Model-based methods use mathematical models of
the transmission environment to predict channel characteristics at different locations. These
models may include ray-tracing simulations or the dominant path model [25, p. 3]. Model-
based methods are computationally costly and complex to implement since they rely on the
accuracy of available maps representing the environment; however, they generalise well to
new scenarios [15, p. 1].

A common method for estimating radio maps involves the use of machine learning, as it can
be used either as a data-driven method, a model-based method, or a combination of the two.
This method is often more accurate than the data-driven methods and more computationally
efficient than the model-based methods [15, p. 1]. However, it requires a sufficient amount
of training data and can demand a large amount of time during the training process [16,
p. 1]. Moreover, due to variations in channel characteristics across different geographical
areas, re-training the network is necessary for each specific area.

Methods employing deep learning have intensified the work within the field of estimating
radio maps [33, p. 55], with many approaches leveraging deep neural networks [23]. Specifi-
cally, convolutional neural networks [39], alongside architectures like UNet [25] [16]. Transfer
learning has also emerged as a valuable tool [17], as it can help tackle the issues of developing
a new radio map for each new geographical area. Transfer learning does that by using the
knowledge acquired in the source environment for the learning task and using it in the target
environment when both the source and target environments are sufficiently similar. Transfer
learning can also mitigate the need for extensive data by pre-training models on simulated
data and fine-tuning them with real-measured data [15, p. 1].

3



1.2. Applications and Related Work

1.2 Applications and Related Work

Radio maps have numerous applications, including the improvement of cellular network cov-
erage, localisation of user equipment using signal strength measurements, managing signal
beams in advanced wireless technologies like 5G and 6G, network planning, autonomous ve-
hicle path planning, aerial traffic management in unmanned aerial systems, fingerprinting
localisation, and so forth [35, p. 1] [16, p. 1].

The paper by Kallehauge et al. [19] introduces CDI radio maps as an approach to estimating
CDI based solely on location. The study validates the effectiveness of CDI maps in predict-
ing small-scale fading statistics relevant to ultra-reliable low-latency communication. Their
findings showed that the CDI radio map was able to meet the desired network reliability with
high confidence, a crucial requirement in ultra-reliable low-latency communication.

The recent study [25] from 2020 has introduced a deep learning method for simulating radio
maps in urban environments given city geometry and transmitter locations. The method
they developed was called RadioUNet. Unlike previous approaches that require re-training
for different city maps, RadioUNet learns to approximate the outcome of the underlying
physical phenomenon, enabling it to produce radio maps for any given transmitter location
and city map. The method outperforms previous deep learning approaches at that time and
achieves good performance in terms of both accuracy and runtime. The study also developed
a new dataset called RadioMapSeer for others to use in the development of deep learning
methods for path loss prediction.

The introduction to UNet models leads to the new study [16] from 2024 that aims to present
a new radio map dataset generated through ray-tracing simulations based on city geometries
derived from real-world urban areas. In contrast to existing datasets, the dataset in this
study is the first to feature directional antennas at the transmitter and to include vegetation
and realistic building heights with approximated roof shapes. The study also added aerial
images of the same locations in order to train models for situations where exact knowledge
of the city geometry is not available, thus enabling the prediction of radio maps from images.
The study actually makes a comparison to the RadioUNet dataset, which is only simulated
in 2D with buildings as the only environmental data.

A deep learning algorithm based on spatial signal strength prediction is proposed in [23].
The method differs from previous approaches in three aspects: it doesn’t require transmitter
location knowledge, it avoids dependency on the knowledge of shadowing and pathloss model
parameters, and it integrates 3D environment mapping. The 3D maps allow the algorithm to
predict scattering and blockage due to buildings. The study demonstrates that deep learning
can be used to predict radio signal propagation in urban settings. This leads to the use of
radio maps and 3D models in the prediction of blockages in wireless communication systems.
Blockages, caused by obstacles such as buildings, walls, and vegetation, cause variations
in the transmitted signals. Thus, blockage prediction helps to identify areas where signal
blockages are likely to occur, which allows for more accurate modelling of signal propagation
and better predictions of signal strengths in the presence of obstacles. A recent study on
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1.3. Problem Statement

blockage prediction in millimetre-wave and terahertz communication links employed meta-
learning and recurrent neural networks to predict blockages earlier and with fewer observed
data samples [20]. The study highlights the importance of proactive countermeasures to
reduce the impact of blockages, such as implementing reactive or preventive mechanisms in
communication systems. Given the absence of mathematical models for blockages, predictors
are often based on machine learning models, which rely on large amounts of training data.
To address this problem, the study uses meta-learning, which enables neural networks to be
trained for new deployments with significantly fewer samples than typically needed.

Since countless approaches exist for estimating radio maps, a recent paper by Shrestha et al.
compared the performance of eight radio map estimators using real data collected with an
unmanned aerial vehicle [35]. The compared algorithms include three traditional estimators,
namely K-nearest neighbour, Kriging, and kernel ridge regression; four deep neural networks,
where two of them are the UNet algorithms from [25] and [23]; and a hybrid estimator
proposed by the authors themselves. They considered two power map estimation problems
and found that the traditional estimators, such as K-nearest neighbours and Kriging, had
surprisingly good overall performance. They also found that the traditional estimators out-
perform the deep neural network estimators in situations where the amount of training data
is insufficient. However, since each estimator excels in specific situations, the study came
to the conclusion that no single estimator consistently outperforms the others. The authors
also proposed an algorithm that combines deep neural networks and traditional estimators.
The result was that the hybrid estimator outperformed all the other estimators in nearly all
cases.

1.3 Problem Statement

In this project, the focus is on estimating a radio map by interpolating channel character-
istics in locations where direct measurements are unavailable. We have decided to focus on
interpolating the channel gain since it can provide information about how the signal travels
between the transmitter and receiver. This is crucial in, among other, ultra-reliable low-
latency communication [19].

Traditionally, interpolation techniques have relied on methods such as kernel-based learning
or Kriging [34, p. 1], but recent algorithms in channel estimation and interpolation have relied
on methods such as transfer learning [17], deep neural networks [23], and convolutional neural
networks [25]. However, the rapid growth in deep learning has given rise to new classes of
neural networks, such as the Fourier neural operator (FNO) [26]. This network is specifically
designed to map between function spaces within a bounded open set. Such a neural network
has the useful property known as discretisation-invariance. This means that FNOs can be
trained on one discretisation and evaluated on an arbitrary discretisation, regardless of the
discretisation of the input and output function spaces [27, p. 1]. FNOs have not yet been
utilised to estimate radio maps. Hence, this motivates our project to use FNOs to predict
the channel gain at desired locations within a geographical area.
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1.4. Data

This project therefore aims to answer:

How can a Fourier neural operator be utilised for interpolating channel gains, and can a
discretisation-invariant operator be achieved?

1.4 Data

In this project, we want to consider both synthetic and real-measured data. The real-
measured data was collected at Fredrik Bajers Vej 7, 9000 Aalborg. The dataset contains
measured channel frequency responses obtained from a channel where a transmitter is sys-
tematically moved to 127 different locations while the receiver remains stationary. Thus,
forming a uniform grid of equilateral triangles with a side length of 5m; see Figure 1.2. The
measurements were done in a courtyard enclosed by buildings, creating a rich scattering en-
vironment. The receiver was positioned to provide a combination of line-of-sight (LOS) and
non-line-of-sight (NLOS) channels during the measurements; see Figure 1.1.

Figure 1.1: The red dots are the LOS scenarios, and the green dots are the NLOS scenarios. The abbrevi-
ations "tx" and "rx" stand for transmitter and receiver. The setup is provided by [19].

Measurements were conducted with and without a metal plate in front to evaluate the impact
of blockage prediction on signal propagation. This is illustrated in Figure 1.2.
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Figure 1.2: The green square is the location of the receiver, the blue squares are the location of the
transmitter without the metal plate in front, and the red squares are the transmitter locations with a metal
plate in front. The figure is from [19].

The measurements were conducted across a wide frequency range, spanning from 2 GHz to
16 GHz, with additional measurements from 28 GHz to 30 GHz. The measurements were
taken with a 1 MHz interval. For more information on the components in the measurement
system, see [19, pp. 3–4].

The synthetic data used in this project is generated using Sionna Ray Tracing (RT), a
TensorFlow-based open-source library tailored for simulating the physical layer of wireless
and optical communication systems [14, p. 1]. To generate the data, a 3D model of the area
where the real measurements were taken is created and imported into Sionna RT [13, p. 2].
This will allow us to simulate the real measurement environment, which gives us a larger
dataset to work with. It is important to note potential discrepancies between the synthetic
and real-measured data, as variations in environmental factors, such as vehicles and trees,
and material properties, can affect the signal propagation characteristics.

1.5 Project Delimitation

In this project, we will focus on the courtyard of Fredrik Bajers Vej 7, initially with the aim
of incorporating real-measured data into the analysis. Hence, the synthetic data is generated
on the basis of having to implement the real-measured data. However, the project will only
rely on the synthetic data generated from simulated channel gains in the courtyard of Fredrik
Bajers Vej 7. To generate the synthetic data, we will employ Sionna RT, a deterministic
simulation method. To match the real-measured data, a systematically fixed set of trans-
mitter positions within the courtyard serves as the measurement points. To generate diverse
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1.5. Project Delimitation

datasets, potential receiver locations are then varied within a region of the courtyard. For
each receiver position, we will simulate the channel gain for every transmitter location at
both measurement and interpolation points.

As the aim of this project is to use FNOs to interpolate the channel gain between measured
data points within a channel, it is reasonable to consider a simple starting point. Thus, the
channel environment is assumed to be static. We also assume that environmental factors such
as vehicles and trees are omitted. Furthermore, the medium through which signals propagate
is assumed to be homogeneous. Additionally, only the reflection phenomena are considered,
avoiding diffraction, scattering, and diffusion. Furthermore, the waves are limited to one
reflection with objects in the scene. Finally, our model is assumed to be a narrowband model
with a frequency of 2 GHz.
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2 Operators in Banach Spaces

This chapter serves as an introduction to operator theory which is a prerequisite for compre-
hending FNOs. Banach spaces are introduced as they provide a framework for studying and
understanding the properties of infinite-dimensional vector spaces. Subsequently, an overview
of general operator theory is provided.

2.1 Vector Spaces

A vector space is a collection of elements, called vectors, which can be added together and
multiplied by scalars, while still satisfying certain conditions. Vector spaces are fundamental
mathematical structures used to study the properties of vectors and their algebraic operations.
The notation F denotes a field and can be replaced with either R or C.

Definition 2.1 (Vector Space)

A vector space is a set V along with an addition + on V and a scalar multiplication · on
V such that the following properties hold:

• Commutativity: v + u = u+ v for all v,u 2 V .

• Associativity: (v + u) +w = v + (u+w) and (ab)v = a(bv) for all v,u,w 2 V and
for all a, b 2 F.

• Additive identity: There exists an element 0 2 V such that v + 0 = v for all v 2 V .

• Additive inverse: For every v 2 V , there exists w 2 V such that v +w = 0.

• Multiplicative identity: 1v = v for all v 2 V .

• Distributive properties: a(v + u) = av + au and (a + b)v = av + bv for all a, b 2 F
and all v,u 2 V .

[2, p. 12]

The elements in a vector space can be functions. Proposition 2.2 states that a function
space is a vector space [2, pp. 13–14]. A function space is a set of functions sharing certain
properties or characteristics.

Proposition 2.2 (Function Space)

Let V be a vector space over F and D ✓ Fn be a nonempty set. The set of functions from
D to F is denoted as V

D = {f : D ! F}. For f, g 2 V
D and f + g 2 V

D, addition is
defined as

(f + g)(x) = f(x) + g(x) for x 2 D,

9



2.1. Vector Spaces

and for � 2 V , f 2 V
D, and �f 2 V

D, multiplication is defined as

(�f)(x) = �f(x) for x 2 D.

Then V
D is a vector space over F with the additive identity 0 : D ! F defined by

0(x) = 0 for x 2 D

and additive inverse �f : D ! F defined as

(�f)(x) = �f(x) for x 2 D.

[2, pp. 13–14]

A finite-dimensional vector space is defined by a finite basis set. They have efficient compu-
tations and geometric interpretations, particularly in low-dimensional spaces like R2 and R3.
Moreover, finite-dimensional vector spaces yield fundamental results in linear algebra, for
example, the theorem stating that every operator on a finite-dimensional nonzero complex
vector space has an eigenvalue [2, p. 132]. In addition, operations like matrix multiplication,
solving linear systems, and computing determinants are well-defined in finite-dimensional
spaces [2, p. 332]. Furthermore, the definition of a finite-dimensional vector space is required
in order to define infinite-dimensional vector spaces. These spaces become relevant when we
define FNOs, which operate between infinite-dimensional vector spaces.

Definition 2.3 (Finite-dimensional Vector Space)

A vector space is finite-dimensional if it is spanned by a finite set of vectors.
[2, p. 30]

For every positive integer n, it can be shown that Fn is a finite-dimensional vector space.
Another example of a finite-dimensional vector space is the set of all polynomials in F at
degree most m, denoted Pm(F), where m is a non-negative integer [2, pp. 30–31]. Let p(x)

and q(x) be the two polynomials of degree at most m

p(x) = a0 + a1x+ · · ·+ amx
m and q(x) = b0 + b1x+ · · ·+ bmx

m
.

Then, Pm(F) is a vector space defined with the following addition and scalar multiplica-
tion

p(x) + q(x) = (a0 + b0) + (a1 + b1)x+ · · ·+ (am + bm)xm,

�p(x) = (�a0) + (�a1)x+ · · ·+ (�am)xm,

where � 2 F.
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Definition 2.4 (Infinite-dimensional Vector Space)

A vector space is called infinite-dimensional if it is not finite-dimensional. [2, p. 31]

The vector space that encompasses all polynomials over F is denoted P(F). Since no list
spans P(F), it must be an infinite-dimensional vector space. Consider any list of elements
of P(F). Let m be the highest degree of the polynomials in the list. It follows that any
polynomial in the span of this list has a degree at most m. Thus, the polynomial zm+1 is not
in the span of our list [2, p. 31]. Another example of an infinite-dimensional vector space is
the function space of continuous functions defined on an interval [a, b], denoted by C([a, b]).
This space consists of all continuous functions f : [a, b] ! F. The dimension of C([a, b]) is
infinite because there are infinitely many linearly independent functions that can be used to
span the space.

A vector space with a notion of distance called a metric between its elements is called a
metric space.

Definition 2.5 (Metric Space)

Let V be a vector space on F. A metric space (V, d) is a vector space along with a metric
d : V ⇥ V ! R such that the following conditions are satisfied for all v,u,w 2 V :

• Non-negativity: d(v,u) � 0, where d(v,u) = 0 if and only if v = u.

• Symmetry: d(v,u) = d(u,v).

• Triangle inequality: d(v,u)  d(v,w) + d(w,u).

[7, p. 86]

A metric space defines a distance in a vector space with specific properties. A normed vector
space introduces a norm as a measure of magnitude for vectors within the space.

Definition 2.6 (Normed Vector Space)

Let V be a vector space over F. A function k·k : V ! R on V is called a norm if the
following conditions are satisfied for all v,u 2 V and every scalar � 2 F:

• Non-negativity: kvk � 0.

• Positive definiteness: kvk = 0 if and only if v = 0.

• Absolute homogeneity: k�vk = |�|kvk.

• Triangle inequality: kv + uk  kvk+ kuk.

A normed vector space is denoted (V, k·k). [7, p. 84]
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2.1. Vector Spaces

From Definition 2.5 and Definition 2.6 it can be shown that the normed vector space (V, k·k)
is a metric space with metric

d(v,u) = kv � uk for all v,u 2 V

[7, p. 86]. Convergence in a normed vector space is defined as convergence in norm.

Definition 2.7 (Convergence in Norm)

Let {vn}n2N be a sequence in (V, k·k). Then {vn}n2N is said to converge in norm to v if

lim
n!1

kvn � vk = 0.

[9, p. 72]

Convergence in norm reveals how sequences approach specific vectors in normed vector spaces.
Cauchy sequences focus on how elements within a sequence become arbitrarily close to each
other as the sequence progresses.

Definition 2.8 (Cauchy Sequence)

A sequence {vn}n2N in (V, k·k) is called a Cauchy sequence if

8 ✏ > 0 9N 2 N 8m,n 2 N : m,n � N ) kvn � vmk < ✏.

[9, p. 73]

The following proposition establishes a property for convergent sequences in normed vector
spaces.

Proposition 2.9

Every convergent sequence in a normed vector space is a Cauchy sequence. [7, pp. 86–87]

Proof

Let v be the limit of a convergent sequence {vn}n2N in (V, k·k). Then, for any ✏ > 0, there
exists N 2 N such that kvn � vk <

✏

2 and kvm � vk <
✏

2 . Using the triangle inequality
from Definition 2.5

kvn � vmk  kvn � vk+ kv � vmk < ✏. ⌅

Note that every Cauchy sequence in a normed vector space is not necessarily convergent.
This leads to the definition of a Banach space.
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2.1. Vector Spaces

Definition 2.10 (Banach Space)

A normed vector space (V, k·k) in which every Cauchy sequence converges is complete, also
referred to as a Banach space. [7, p. 87]

In a L
p(D) space, functions are Lebesgue measurable almost everywhere on D such thatR

D
|f(x)|pdx < 1 for a scalar-valued function f 2 L

p(D). The L
p(D) space is an example

of a Banach space, where D ✓ Rn, with the norm

kfk
p
=

✓Z

D

|f(x)|pdx
◆ 1

p

,

for 1  p < 1 [1, p. 50].

FNOs are defined as an operator between seperable Banach spaces. To establish the definition
of a separable space, it is essential to first introduce the definition of a dense subset.

Definition 2.11 (Dense)

A subset S ⇢ V of a normed vector space (V, k·k) is dense if and only if for every r > 0

and all v 2 V there is an element s 2 S that satisfies kv � sk < r. [7, p. 86]

The set of rational numbers Q is a dense subset of R, meaning that between any two real
numbers, there exists a rational number [7, p. 86]. For instance, between any two distinct real
numbers a and b where a < b, there exists a rational number q such that a < q < b.

A separable space is defined by the existence of a countable, dense subset within it.

Definition 2.12 (Separable)

A normed vector space (V, k·k) is separable if it contains a countable dense subset.

[7, p. 86]

As an example of a separable space, take the L
p(D) space from the example of a Banach

space. If D is assumed to be a separable measure space, then L
p(D) is separable for any p

in 1  p < 1 [6, p. 98].
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2.2. Operators

2.2 Operators

This section introduces operators within vector spaces, focusing on linear bounded operators.
Linear operators are mappings between vector spaces preserving linearity properties.

Definition 2.13 (Linear Operator)

Let V and W be vector spaces over F. The mapping A : V ! W is called a linear operator
if the following properties hold

• Additivity: A(v +w) = Av +Aw for all v,w 2 V .

• Homogeneity: A(�v) = �Av for every � 2 F and all v 2 V .

The set of linear operators from V to W is denoted as L(V,W ), and the set of linear
operators from V to V is denoted L(V ). [7, p. 105]

An example of a linear operator is the Fourier transform. The Fourier transform satisfies
the additivity and homogeneity properties from Definition 2.13. Let f : Rn ! Rm and
g : Rn ! Rm be vector-valued functions, and a and b be constants

F(af + bg)j(!) =

Z

Rn
(afj(x) + bgj(x)) e

�i!|x dx

= a

Z

Rn
fj(x)e

�i!|x dx+ b

Z

Rn
gj(x)e

�i!|x dx

= aF(f)j(!) + bF(g)j(!)

for ! 2 Rn and j = 1, . . . ,m. See Appendix A for definitions regarding the Fourier transform.
A linear operator is continuous if and only if it is bounded [7, p. 106].

Definition 2.14 (Bounded Linear Operator)

Let V and W be normed vector spaces over F. A linear operator A : V ! W is bounded if
there exists a positive constant M 2 F such that

kAvk
W

 Mkvk
V

for all v 2 V,

where k·k
V

and k·k
W

denote the norms in the spaces V and W , respectively. [7, p. 106]

The Fourier transform is a bounded linear operator on L
2(R) with the norm k·k2. Let

f 2 L
2(R) then, by the Plancherel theorem

kF(f)k2 = kfk2

[9, p. 222]. This implies that the Fourier transform preserves the norm of the function. Since
the norm is preserved, the Fourier transform is indeed a bounded operator on L

2(R) with a
bound of M = 1. The Fourier transform is also an integral operator.
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2.2. Operators

Proposition 2.15 (Kernel Integral Operator)

Let D ⇢ Rn and D̃ ⇢ Rm be Lebesgue measurable domains, where n and m are positive
integers. Assume 1 < p < 1 and 1 < q < 1 where 1

p
+ 1

q
= 1, and let K : D ⇥ D̃ ! F be

a Lebesgue measurable function. Suppose the norm of K is finite, i.e.

kKk =

 Z

D

✓Z

D̃

|K(x, y)|p dy
◆ q

p

dx

! 1
q

< 1.

Then, for any function f 2 L
q(D̃), the operator T defined by

(Tf)(x) =

Z

D̃

K(x, y)f(y) dy,

defines a bounded linear integral operator T from L
q(D̃) into L

p(D). The function K(x, y)

is referred to as the integral kernel of the operator T . [1, pp. 149–150]

The proof for Proposition 2.15 is omitted and can be found in [1, p. 150].

By Proposition 2.15 the Fourier transform is an integral operator expressed as

(Tf)(!) =

Z

D̃

K(!,x)f(x)dx for ! 2 D̃,

where K(!,x) = e�i!|x.
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3 Neural Operators

In this chapter, the architecture of neural operators will be introduced. Neural operators
are methods of learning a mapping between two infinite-dimensional spaces using only finite
observation pairs of input and output from the mapping [26, p. 3].

3.1 Learning Operators

In this section, the theory of approximating operators is presented. Let D ⇢ Rd be a
bounded, open subset of the spatial domain, A = {a : D ! Rda} be a separable Banach
space of functions consisting of input functions of the operator taking values in Rda , and
U = {u : D ! Rdu} be a separable Banach space of functions consisting of output functions
of the operator taking values in Rdu . See Chapter 2 for definitions regarding operators in
Banach spaces. The operator that is being learned is denoted G

† : A ! U . The purpose of
neural operators is to approximate this operator using observed data. Suppose that N input
and output pairs {a(i)

,u
(i)}N

i=1 are observed of the true operator, then G
†(a(i)) = u

(i). It is
assumed that a

(i) ⇠ µ are i.i.d. samples from a probability measure µ with support on A
[26, p. 3].

The goal is to approximate G
† using a parameterised operator

G✓ : A ! U , ✓ 2 ⇥,

where ⇥ is a finite-dimensional parameter space. Hence, the problem of finding the approxi-
mation can be stated as the following minimisation problem

min
✓2⇥

Ea⇠µ[C(G✓(a), G
†(a))],

where C : U ⇥ U ! R+ is a loss function and E is the expectation operator with respect to
probability measure µ [26, p. 3].

One family of parameterised operators is the neural operator.

3.2 Neural Operators

In this section, the general architecture of the neural operator is presented, which was first
proposed in [27]. The neural operator G✓ : A ! U is a neural network consisting of three
parts. First, a lifting layer P maps the input function a 2 A to the first hidden representation
v
(0). Next, an iterative kernel layer that maps from one hidden representation v

(t) to the
next v

(t+1) is applied T times for t = 0, . . . , T � 1. Lastly, there is a projection layer Q that
maps from the last hidden representation v

(T ) to the solution function u 2 U [26, p. 4].

The architecture of the neural network is then given by

a 7! v
(0) 7! v

(1) 7! · · · 7! v
(T ) 7! u.

The structure of the individual layers will be elaborated on in the following subsections.
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3.2. Neural Operators

Lifting Layer

The lifting layer is a point map P : Rda ! Rdv that maps the input function a 2 A to the
first hidden representation v

(0) 2 V = {v : D ! Rdv}. The hidden layer dimension dv is
a hyperparameter and is chosen such that dv > da. The lifting layer is a local mapping,
meaning the action is pointwise [22, p. 9].

The lifting layer is implemented as a feedforward neural network with one hidden layer [26,
p. 4]. This means that the kth entry in v

(0) is given by

v
(0)
k

(x) =
MPX

j=1

w
(2)
kj

�

 
daX

i=1

w
(1)
ji

ai(x) + b
(1)
j

!
+ b

(2)
k

for k = 1, . . . , dv,

where w
(1)
ji

, w
(2)
kj

, b(1)
j

, b
(2)
k

denotes the trainable weights and biases, respectively, MP is the
number of neurons in the hidden layer, ai(x) is the ith entry of a(x), v(0)

k
(x) is the kth entry

of v
(0)(x), and � are non-linear activation functions [5, p. 228].

Iterative Kernel Layer

The iterative kernel layer maps from one hidden representation v
(t) 2 V to the next v

(t+1) 2 V
and is applied for t = 0, . . . , T�1. The iterative kernel layer consists of a local linear operator,
a non-local kernel integral operator, and a bias, which are summed and passed to a pointwise
nonlinear activation function

v
(t+1)(x) = �

⇣
W

(t)
v
(t)(x) +K(t)(v(t))(x) + b

(t)
⌘

x 2 D, t = 0, . . . , T � 1,

where � is a non-linear activation function whose action is defined component-wise, W
(t) 2

Rdv⇥dv is a trainable weight matrix, b
(t) 2 Rdv is a trainable bias, and K(t)(v(t)) : V ! V

is a parameterised kernel integral operator [22, p. 10]. The kernel integral operator is given
by

K(t)(v(t))(x) =

Z

D

(t)(x,y)v(t)(y)dy for x 2 D, (3.1)

where (t) : D ⇥ D ! Rdv⇥dv denotes a continuous kernel that parameterises the operator
[22, pp. 10–11]. The kernel integral operator is non-local because it depends on values of v

(t)

that are not specifically located at the point x. This means that the operator’s output at
a given point is influenced by the values of v

(t) across the entire domain, rather than just
x.

Projection Layer

The projection layer Q maps the last hidden representation v
(T ) 2 V to the solution function

u 2 U . Analogously with the lifting layer, dv > du and Q is also a local map [22, p. 9].

The projection layer is implemented the same way as the lifting layer, using a feedforward
neural network with one hidden layer. So each entry in the output function u(x) is given
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3.3. Fourier Neural Operators

by

uk(x) =

MQX

j=1

w̃
(2)
kj

�

 
dvX

i=1

w̃
(1)
ji

v
(T )
i

(x) + b̃
(1)
j

!
+ b̃

(2)
k

for k = 1, . . . , du,

where w̃
(1)
ji

, w̃
(2)
kj

, b̃(1)
j

, b̃
(2)
k

denotes the trainable weights and biases, respectively, MQ is the
number of neurons in the hidden layer, uk(x) is the kth entry of u(x), v(T )

i
(x) is the ith entry

of v
(T )(x), and � are nonlinear activation functions [5, p. 228].

3.3 Fourier Neural Operators

There exist multiple different ways to parameterise the kernel integral operator (3.1). In [26],
the FNO was proposed as the parameterised kernel integral operator in Fourier space.

This is done by first letting (t)(x,y) = (t)(x � y) then (t) : D ! Rdv⇥dv and further as-
suming that (t) is a periodic function. Then the kernel integral operator (3.1) becomes

K(t)(v(t))(x) =

Z

D

(t)(x � y)v(t)(y)dy for x 2 D,

which is recognised as a convolution operator. Using the convolution theorem for matrix-
and vector-valued functions Theorem A.5, the integral can be expressed as

K(t)(v(t))(x) = F�1(F((t))F(v(t)))(x) for x 2 D,

where F and F�1 denote the Fourier transform and its inverse, respectively. The Fourier
transform is taken element-wise on the matrix- and vector-valued functions, see Defini-
tion A.2.

Using this, the kernel (t) can be parameterised in the Fourier domain by using its Fourier
transform R

(t) : D ! Cdv⇥dv . For a given frequency mode k 2 D, we have that F(v(t))(k) 2
Cdv and R

(t)(k) 2 Cdv⇥dv . The kernel transform becomes

K(t)(v(t))(x) = F�1(R(t)F(v(t)))(x) for x 2 D.

This is called spectral convolution. Using this kernel integral operator, the iterative kernel
layers in the FNO are given by

v
(t+1)(x) = �

⇣
W

(t)
v
(t)(x) + F�1(R(t)F(v(t)))(x) + b

(t)
⌘

x 2 D, t = 0, . . . , T � 1, (3.2)

where W
(t), R

(t), and b
(t) are the trainable parameters of each layer.

The assumption that (t) is a periodic function implies that (t) has a Fourier series expansion.
Since the Fourier series coefficients completely describe the function, discrete frequency modes
will be used k 2 Zd instead of continuous Fourier mode k 2 Rd.

Since (t) is a real-valued function, the Fourier coefficients must be conjugate symmet-
ric

R
(t)(�k)j,i =

⇣
R

(t)(k)
⌘⇤
j,i

for k 2 Zd
j = 1, . . . , dv, i = 1, . . . , dv.
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3.4. Discretisation

Hence, only the positive Fourier coefficients need to be parameterised [22, p. 21]. The param-
eterisation is further restricted by only concerning a maximal number of Fourier coefficients
that are given in the set

Zkmax = {k 2 Zd : |kj |  kmax,j for j = 1, . . . , d}.

This simplifies the implementation by limiting the number of parameters and has been shown
to improve the performance [26, p. 5]. The cardinality of Zkmax is denoted kmax = |Zkmax |.
Using this, R

(t) can be parameterised as a complex-valued (kmax ⇥ dv ⇥ dv) tensor, where all
the included Fourier coefficients are stacked along the first axis.

Figure 3.1 illustrates the entire architecture of the FNO.

a(x)

Input
function

P

Lifting
layer

v
(0)

v
(1) · · · v

(T ) Q

Projection
layer

u(x)

Solution
function

Iterative kernel layers

Loop for T times

v
(0)

F R
(0)

W
(0) + � v

(1)

F�1

b
(0)

Kernel layer

Figure 3.1: The architecture of the Fourier neural operator.

3.4 Discretisation

Until now, we have worked with an infinite-dimensional space of functions. However, in order
to work with the functions a

(i) and u
(i) numerically, they are discretised.

Let D(i) = {x(i)
`
}n
`=1 ⇢ D be an n-point discretisation of the domain D. Then the discretised

observation is given as
n

a
(i)
���
D(i)

, u
(i)
���
D(i)

o
N

i=1
,

where a
(i)
��
D(i) 2 Rn⇥da and u

(i)
��
D(i) 2 Rn⇥du . Note that the data samples can have dif-

ferent discretisations D
(i). The hidden representations v

(t) are likewise discretised on D as
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3.4. Discretisation

v
(i)
��
D(i) 2 Rn⇥dv . Hence, the Fourier transform in (3.2) is performed by using the discrete

Fourier transform (DFT) F̂(v(t)) 2 Cn⇥dv . Where F̂(v(t)) denotes the DFT of v
(i)
��
D(i) . The

discretisation is assumed to be uniform on D. Hence, the more computationally efficient fast
Fourier transform (FFT) can be used to compute the DFT.

The multiplication R
(t)F(v(t)) in (3.2) can then be defined as

⇣
R

(t)F̂(v(t))
⌘

k,l

=
dvX

j=1

R
(t)
k,l,j

⇣
F̂(v(t))

⌘

k,j

for k = 1, . . . , kmax, l = 1, . . . , dv.

Hence, R
(t)F̂(v(t)) 2 Ckmax⇥dv . It is assumed that n > kmax. Therefore, it is only necessary

to compute the first kmax Fourier modes of F̂(v(t)). However, to evaluate the FNO kernel
in all x 2 D

(i) the matrix R
(t)F̂(v(t)) 2 Ckmax⇥dv is zero-padded in the first dimension such

that R
(t)F̂(v(t)) 2 Cn⇥dv , resulting in F̂�1(R(t)F̂(v(t))) 2 Rn⇥dv . This is valid because it is

equivalent to setting all Fourier coefficients in R
(t) index above kmax equal to zero.

The FNO is invariant to discretisation meaning that the operator can be evaluated with a
different discretisation than it is trained on. This is also called zero-shot super-resolution.
Zero-shot means that the operator generalises to discretisation which was not a part of the
training set.
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4 Sionna Ray Tracing

Sionna RT by Nvidia is a fusion of machine learning techniques and traditional ray tracing,
designed for radio propagation modelling [13, p. 317]. It is a differentiable ray tracer which
can compute the gradients of generated field components such as channel impulse response
with respect to parameters such as radio materials [13, p. 317]. Furthermore, Sionna RT is
a deterministic ray tracer. In this project, we will use Sionna RT to calculate the channel
impulse response, which will be used to generate synthetic data consisting of channel gains
to train our FNO network. Therefore, in this chapter, we will primarily focus on how Sionna
RT computes the channel impulse response.

The process of generating channel impulse responses using Sionna RT involves computing
the paths that the electromagnetic waves travel from the transmitter to the receiver within
the scene. This involves emitting rays in all directions from the transmitter, tracking their
paths as they interact with objects in the environment, and only recording the paths that
end up at the receiver [14, p. 4].

Sionna RT accounts for various propagation phenomena, including reflection, scattering, and
diffraction [13, p. 2]. When a ray encounters a surface, it may be reflected, scattered in
different directions, or diffracted around the obstacle, depending on the material properties
and geometry of the scene. As the rays propagate through the scene, their characteristics,
such as path length, angle of incidence, and time delay, are recorded. These characteristics
are used for calculating the channel impulse response [32].

In this chapter, we will delve into the components necessary for generating channel impulse
responses using Sionna RT, such as the scene, rays, radio materials, and electromagnetic
fields. Additionally, we will introduce Maxwell’s equations, which describe the behaviour of
electromagnetic fields.

4.1 Electromagnetic Plane Wave

Electromagnetic waves are combinations of electric and magnetic fields. An electric field
describes the influence or force that electric charges exert on other charges within the sur-
rounding space. The electric field is a vector quantity varying from point to point [11, p. 61].
A stationary electric charge produces only an electric field, while a moving electric charge
generates, in addition, a magnetic field. The magnetic field is also a vector quantity de-
scribing the magnetic influence in a region around a magnet or moving electric charge [11,
p. 211].

An electromagnetic plane wave is a wave where the electric field and magnetic field are
perpendicular to each other and the direction of propagation [11, pp. 395–397]. An illustration
of an electromagnetic plane wave can be seen in Figure 4.1.
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4.2. Electromagnetic Wave Phenomena

Direction

Electric Field

Magnetic
Field

Figure 4.1: Electromagnetic plane wave.

4.2 Electromagnetic Wave Phenomena

The electromagnetic wave can be affected by the environment it propagates through, as
explained by three phenomena: reflection, diffraction, and scattering. The phenomena can
be seen in Figure 4.2. Sionna RT currently supports all three phenomena.

Transmitter Receiver

LOS

Reflection

Diffraction
Scattering

Figure 4.2: Illustration of LOS, reflection, diffraction, and scattering.

Reflection occurs when an electromagnetic wave encounters a radio material. A part of the
wave’s energy is absorbed, known as shadowing, and the other part is reflected [30, p. 284].
The direction of the reflected wave is equal to the angle of incidence. This concept is known as
Snell’s law of reflection [3, p. 743]. As the signal continues to travel, the power is attenuated
due to travelling large distances. This is known as path loss [30, p. 279]. Besides the distance
between transmitter and receiver, path loss can also be influenced by factors such as reflection,
absorption, diffraction, and vegetation [39, p. 1].

Diffraction occurs when an electromagnetic wave bends around edges, especially sharp edges
called wedges [3, p. 761]. Whether diffraction occurs depends on the wavelength of the
electromagnetic wave and the size of the obstacle [30, p. 284].
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4.3. Ray Tracing Components

Scattering happens when an electromagnetic wave encounters an object that is comparable in
size to its wavelength. In this case, the energy of the wave is scattered, resulting in multiple
propagating waves [30, p. 284]. Scattering can also occur in the reflections of very rough
objects or even in the atmosphere [37, p. 31]. In urban areas, there is a high potential for
scattering [30, p. 345].

Reflection, diffraction, and scattering all give rise to multipath propagation, which can re-
sult in interference, either constructive or destructive. Constructive interference enhances
the signal strength, while destructive interference attenuates or cancels out the signal [30,
p. 284].

4.3 Ray Tracing Components

The fundamental component of Sionna RT is the scene, which is required to generate channel
impulse responses [14, p. 4]. A scene is a digital twin of a physical environment, which can
be rendered with a software called Blender to resemble real places in the world [14, pp. 1–2].
Rendering a scene involves defining the medium the ray will travel through and the radio
materials it will interact with.

A ray is an affine line specified by its origin and direction. Mathematically, we will denote
the parametric form of a ray r as a function of a scalar value t

r(t) = o + td, 0  t < 1,

where the origin is a point o, the direction is a vector d, and the scalar value t is the position
along the ray. The ray is determined by its starting point o and the points it passes through.
In Sionna RT, the ray’s origin is at the transmitter’s location or its reflection point, and its
direction is the vector from the transmitter or reflection point towards a radio material or
receiver [29, p. 7]. Hence, a ray is a geometric concept used in Sionna RT to describe the
path in which an electromagnetic wave travels.

The electromagnetic wave will propagate through a medium influenced by encountering radio
materials [14, p. 2]. Sionna RT allows users to specify three parameters that describe how
radio materials interact with electromagnetic waves. The first parameter is relative permit-
tivity "r which is a measure of how much a material responds to an electric field compared
to a perfect vacuum [3, p. 39] [36, p. 10]. The second parameter is relative permeability,
µr. This quantity measures the extent to which the material allows magnetic fields to pen-
etrate through it compared to the ease of penetration in a perfect vacuum [38, p. 3]. The
last parameter of radio materials is electrical conductivity �, which measures the ability
of a material to conduct electrical current [24, p. 13]. Sionna RT assumes a homogeneous
medium, which means the permittivity and permeability remain constant throughout the en-
tire medium [31]. Hence, the medium is assumed to be homogeneous throughout this chapter.
These parameters are essential in Maxwell’s equations.
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4.4. Prerequisite for Maxwell’s Equations

4.4 Prerequisite for Maxwell’s Equations

Maxwell’s equations are a set of fundamental equations in electromagnetism that describe the
behaviour of electric and magnetic fields. These equations describe the relationship between
electric charges and currents and the electric and magnetic fields they produce [11, p. 338].
The electric and magnetic fields are described as the vector fields, E and B, respectively.
These fields are expressed through differential equations, which involve vector derivatives
such as divergence and curl [11, pp. 16–17, 61, 211].

Before defining Maxwell’s equations, the del operator will be introduced. The del operator
is a vector differential operator which performs spatial differentiation with respect to the
Cartesian coordinates. If the del operator is applied to a one-dimensional function, it denotes
the gradient. When applied to a vector field, it can denote the gradient, the divergence, or
the curl, depending on how it is applied [11, p. 14].

In a three-dimensional Cartesian coordinate system, the del operator r is defined as

r = ex
@

@x
+ ey

@

@y
+ ez

@

@z
,

where ex, ey, ez are the unit vectors with respect to each axis [11, p. 16]. When applying the
del operator to a vector field v, the divergence, denoted as r·v, is obtained by computing the
dot product. The divergence measures how much a vector field spreads out from a specified
point. Mathematically, the divergence is defined as follows

r · v =

✓
ex

@

@x
+ ey

@

@y
+ ez

@

@z

◆
· v =

@vx

@x
+

@vy

@y
+

@vz

@z
,

where vx, vy, and vz represent the x, y, and z components of the vector field v. This
expression yields a scalar value for the divergence [11, p. 17].

The curl can be obtained by the cross product, r⇥v, and is a measure of how much a vector
swirls around a specified point [11, p. 19]. Mathematically, the curl is defined as follows

r⇥ v =

�������

ex ey ez
@

@x

@

@y

@

@z

vx vy vz

�������
=

✓
@vz

@y
� @vy

@z

◆
ex +

✓
@vx

@z
� @vz

@x

◆
ey �

✓
@vy

@x
� @vx

@y

◆
ez

[11, p. 18].

4.5 Differential Form of Maxwell’s Equations

Maxwell’s equations in differential form will be introduced using the notation from the pre-
requisites. Starting with Gauss’ law of electricity, then Gauss’ law of magnetism, Faraday’s
law, and finally, Ampere’s law with Maxwell’s modification.

Maxwell’s electric field equation is expressed as

r · E =
⇢

✏0
, (4.1)
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4.6. Far Field Assumption

where ⇢ is the source charge density, and ✏0 is the permittivity in a perfect vacuum [11,
p. 241]. This equation is known as Gauss’ law of electricity, and describes how the electric
field behaves in the presence of electric charges. Specifically, the equation determines the
electric field when ⇢ is given. If the charge is positive, then the electric field diverges away
from that point [11, p. 241].

Maxwell’s magnetic field equation is expressed as

r ·B = 0. (4.2)

[11, p. 241]. This equation is known as Gauss’ law for magnetism. There are no magnetic
point sources, as there are for electric fields. Magnetic point sources create magnetic charges,
and do not exist in nature, hence why the equation is equal to zero [11, pp. 241–242].

The third of Maxwell’s equations is Faraday’s law, which expresses the curl of an electric
field

r⇥ E = �@B

@t
, (4.3)

where t represents time [11, p. 332]. The negative sign indicates the direction of the induced
electric field. This equation states that a changing magnetic field induces an electric field
[11, p. 334].

Ampere’s law states that magnetic fields relate to electric currents. Maxwell added the
displacement magnetic current density term

Jd = ✏0
@E

@t

to state that a changing electric field produces a magnetic field. Ampere’s law, with Maxwell’s
addition, is expressed as

r⇥ B = µ0J + µ0Jd, (4.4)

where µ0 is the permeability in a perfect vacuum. The term J is the current density and adds
both the magnitude and direction of current flow at a specific point in space [11, p. 334].
This modification to Ampere’s law was introduced by Maxwell to ensure the consistency
of electromagnetic theory and to account for phenomena like electromagnetic waves [11,
p. 334].

4.6 Far Field Assumption

In wireless communication, a transmitter emits an electromagnetic field uniformly in all
directions, creating what is known as a spherical wave [3, p. 283]. In Sionna RT, it is
assumed that the receiver observes a time-harmonic electromagnetic plane wave [14]. Time-
harmonic implies that the amplitude of the plane wave varies sinusoidally with time [3, p. 21].
Additionally, the transmitter is assumed to be in the far field. The far field is a region where
the emitted electromagnetic wave is far enough away to appear as plane waves. This is
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4.7. Channel Impulse Response

because the curvature of the wavefront becomes negligible, and the waves propagate as if
they were planar [4, p. 72]. Furthermore, the far field region is where the field patterns of
an antenna become independent of the distance. The far field region is defined to exist at
distances greater than 2D2

�
from the antenna, where D is the largest dimension of the antenna

and � is the wavelength of the electromagnetic wave [4, pp. 34–35]. The near field region is
defined at distances less than 0.62

q
D

�
. Unlike the far field region, the near field region is

dependent on distance [4, p. 34].

Assuming that the transmitter emits an electromagnetic field uniformly combined with the
far-field condition, suggests that the direction of propagation of the plane wave radiates
outward uniformly from the antenna [4, p. 72]. Additionally, the receiver is assumed to
observe a time-harmonic uniform plane wave travelling through a homogeneous medium [3,
p. 123].

4.7 Channel Impulse Response

This section delves into the concepts needed for Sionna RT to generate a channel impulse
response. A time-harmonic plane electric wave Ep(z) 2 C3 travelling in a homogeneous
medium can be described at position p 2 R3 at time t, travelling in the z direction

Ep(z) = E
+
0 e

�i�z
| {z }

E+
p

+E
�
0 e

+i�z
| {z }

E�
p

.

Here, � = !
p
µ✏ is the phase constant, where ! = 2⇡f is the angular frequency, f is the

frequency of the wave in Hz, and µ and ✏ are the magnetic permeability and electric per-
mittivity, respectively [31]. The terms E

+
0 and E

�
0 represent the amplitudes of the travelling

waves in the positive and negative z direction, respectively [3, p. 126].

The associated time-harmonic plane magnetic wave, travelling in the y direction, can be
determined by

B
±
y = ± 1q

µ

"

E
±
p ,

where the wave impedance ⌘ is denoted as the ratio of electric and magnetic fields

⌘ =
E

+
p

B
+
y

=

r
µ

"
.

The reciprocal value 1
⌘

represents how the properties of the medium influence the relationship
between electric and magnetic fields [3, p. 126].

A useful measure to describe the performance of an antenna is the radiation intensity. Radi-
ation intensity describes how much power is radiated by the antenna in different directions
[4, p. 40]. Sionna RT assumes that a spherical wave emitted from the centre of the antenna
can characterise the electric far field of an antenna

E(r, ✓,�) = E0(✓,�)
e�i�r

r
,
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4.7. Channel Impulse Response

where E0(✓,�) is the electric field phasor, r is the distance from the antenna to the observation
point where the electric field is being measured, ✓ is the zenith angle, and � is the azimuth
angle [31]. By assuming a spherical wave, the Poynting vector is given by

S(r, ✓,�) =
1

2⌘
kE(r, ✓,�)k2r̂,

where r̂ is the radial unit vector. The Poynting vector describes the flow of energy in an
electromagnetic wave. It points in the direction that energy is moving and its magnitude
represents the rate of energy flow per unit area. It simplifies for an ideal isotropic an-
tenna

Siso(r, ✓,�) =
PT

4⇡r2
r̂,

where PT is the input power to the antenna.

The antenna pattern F(✓,�) describes the spatial distribution of the radiation intensity as a
function of direction. The antenna pattern is defined as

F(✓,�) =
E0(✓,�)

max✓,� kE0(✓,�)k
,

where the maximum value max✓,� kE0(✓,�)k corresponds to the direction in which the an-
tenna radiates the most power [31].

Another useful measure is the antenna gain G. The antenna gain is defined by how much
power the antenna radiates in a specific direction compared to that of an ideal isotropic
source, hence

G =
max✓,�kS(r, ✓,�)k

kSiso(r, ✓,�)k
=

2⇡

⌘PT

max✓,�kE0(✓,�)k2

[31]. The antenna gain can also be defined with a directional dependency as

G(✓,�) =
2⇡

⌘PT

kE0(✓,�)k2 = GkF(✓,�)k2.

Since G(✓,�) contains no information about the phase and F(✓,�) contains no information
about the maximum gain G, Sionna RT combines G and F(✓,�) such that the new antenna
pattern C(✓,�) has both information about the phase and maximum gain

C(✓,�) =
p
GF(✓,�),

such that G(✓,�) = kC(✓,�)k2 [32].

When the electromagnetic wave travels along each transmission path, it encounters radio
materials and phenomena that transform the wave. To model this cascade of interaction,
Sionna RT composites all these transformations into a matrix, denoted as T̃, which captures
the changes to the wave as it travels. It is assumed that the matrix includes necessary
coordinate transformations [32]. Consider the path delay ⌧m = rm

cm
, where m = 1, . . . , N

denotes the mth path out of the total N paths, rm denotes the total path length, and cm
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4.7. Channel Impulse Response

represents the average propagation speed. To include the phase shift to each corresponding
path, the transformation matrix can be modified as follows

Tm = T̃mei2⇡f⌧m ,

where f is the frequency [31].

The channel frequency response in Sionna RT is computed as a summation over all paths,
incorporating antenna patterns from both the transmitting and receiving antennas. Hence,
the expression for the channel frequency response calculated in Sionna RT is

H(f) =
NX

m=1

�

4⇡
CR(✓R,m,�R,m)HTmCT (✓T,m,�T,m)

| {z }
am

e�i2⇡f⌧m ,

where am is the amplitude of each path, CR(✓R,m,�R,m) is the antenna pattern for the
receiver, and CT (✓T,m,�T,m) is the antenna pattern for the transmitter [31]. The channel
impulse response is obtained by using the inverse Fourier transform on the channel frequency
response

h(⌧) =
NX

m=1

am�(⌧ � ⌧m),

which is the formula used in Sionna RT [31].
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5 Generating Synthetic Data with

Sionna RT

In this project, we will use synthetic data based on the real-measured data obtained at
Aalborg University, as described in Section 1.4. The objective of this chapter is therefore to
outline the process for generating channel gains in Sionna RT.

5.1 Loading the Scene

The synthetic data is generated using Fredrik Bajers Vej 7 as the scene, aiming to replicate
the environment where the real-measured data was obtained. A satellite image of the location
can be seen in Figure 1.2. The resulting scene can be seen in Figure 5.1.

Figure 5.1: The scene generated of Fredrik Bajers Vej 7.

This scene is created using data from OpenStreetMap, which imports the 3D representations
of buildings and terrain into the 3D program Blender. Notably, elements such as trees, vehi-
cles, pedestrians, and bicycle racks are not included in the Blender scene, thereby introducing
a divergence from the real-measured data. Subsequently, radio materials are applied within
Blender, with Sionna RT providing a selection of basic radio materials, each with their re-
spective properties. The three parameters describing the properties of the radio material are
described in Section 4.3. In Sionna RT, the materials are assumed to be non-ionised and
non-magnetic, thus the relative permeability is µr = 1. The relative permittivity "r and the
electrical conductivity � are calculated as

"r = af
b

GHz,

� = cf
d

GHz,

where fGHz is the frequency of the wave in GHz, and the constants a, b, c and d characterise
the material [28, pp. 23–24]. The chosen radio materials for the scene and their properties
can be seen in Table 5.1.
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5.2. Configuration of Transmitters and Receiver

Type Material
Relative Permitivity "r Conductivity �

a b c d
Ground Concrete 5.24 0 0.0462 0.7822
Walls Brick 3.91 0 0.0238 0.16
Roof Metal 1 0 107 0

Table 5.1: All the selected materials are valid for a frequency range of 1�100 GHz. The values are obtained
from [28, p. 24].

5.2 Configuration of Transmitters and Receiver

After establishing the initial scene, the transmitters and the receiver are configured and
added to the scene. All transmitters and the receiver are equipped with the same configured
antenna in the simulation. We configure the transmitters and the receiver in our scene as
single antennas.

Antenna Pattern

The antenna is characterised by its pattern, which describes how it radiates or receives
electromagnetic energy. We have chosen to use a dipole antenna pattern due to its simplicity
[4, p. 151]. A dipole antenna is composed of two conductive elements, see Figure 5.2. These
elements, typically straight wires or rods, are aligned parallel to each other with a small
gap between them [4, p. 4]. The length of each wire is crucial in determining the antenna’s
performance characteristics, including its radiation pattern. Generally, longer antennas result
in narrower beam patterns. This phenomenon leads to increased directivity as the antenna
lengthens [4, p. 173].

Figure 5.2: A simple illustration of a dipole antenna.

A dipole antenna exhibits omnidirectional patterns [4, p. 55]. An omnidirectional pattern is
defined as a non-directional pattern in one plane and a directional pattern in any orthogonal
plane. This classifies the omnidirectional pattern as a special type of directional pattern.
Directional patterns refer to the antenna’s ability to radiate or receive electromagnetic waves
more efficiently in specific directions [4, p. 33].

The omnidirectional pattern can be seen in Figure 5.3 for an infinitesimal dipole. In this
scenario, the dipole is represented by an infinitesimally small linear wire, where the length
of the wire is much smaller than the wavelength of the electromagnetic waves it interacts
with. This idealised model aids in simplifying theoretical calculations in antenna analysis.
Positioned symmetrically at the origin of the coordinate system, the infinitesimal dipole serves
as a point source for radiating or receiving electromagnetic waves [4, p. 151].
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5.2. Configuration of Transmitters and Receiver

Figure 5.3: Omnidirectional beampattern for an infinitesimal dipole antenna. The figure is from [4, p. 161].

The antenna pattern comprises principal E and H plane patterns, each defining specific
orientations of electromagnetic field vectors and the direction of maximum radiation. The E

plane refers to the plane containing the electric field vector, and the H plane contains the
magnetic field vector [4, p. 33]. In Figure 5.3, the E plane corresponds to the elevation plane,
aligning with the xz-plane, while the H plane corresponds to the azimuth plane, aligning
with the xy-plane. The omnidirectional pattern exhibits non-directional characteristics in
the azimuth plane and directional properties in the elevation plane [4, p. 33].

The patterns for the azimuth and elevation planes can be seen in Figure 5.4a and Figure 5.4b,
respectively. The figures illustrate how the azimuth plane is omnidirectional, while the ele-
vation plane exhibits directional properties.
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5.3. Propagation Paths
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(b) Elevation pattern.

Figure 5.4

Polarisation

Antenna polarisation is the orientation of the transmitted wave [4, p. 71]. We have chosen
vertical polarisation, where the electric field oscillates in a vertical plane perpendicular to the
direction of propagation, see Figure 4.1.

5.3 Propagation Paths

After setting up the scene and adding the configured transmitters and the receiver, the
propagation paths are calculated. A propagation path starts at a transmitter and ends at a
receiver. The path is described by the channel coefficient a and delay ⌧ , as well as the angles
of departure (✓T ,�T ) and arrival (✓R,�R), see Chapter 4 for details. The path computation
is performed in two main steps.

Firstly, the trajectories of the paths are determined through path tracing, a process indepen-
dent of radio materials, antenna patterns, and radio device orientations. This independence
is advantageous for studying the impact of various radio materials without needing to retrace
propagation paths, making it particularly useful for calibrating scene parameters. Initially,
ray directions are organised in a Fibonacci lattice on the unit sphere, which is a simple way to
produce an even point distribution [32]. Subsequently, paths originating from the transmitter
and reaching the receiver are traced. To generate candidate paths, the system traces a total
of 106 random rays.

Secondly, the electromagnetic fields corresponding to the traced paths are computed, taking
into account the radio materials, antenna patterns, and radio device orientations [32]. An
example of computed propagation paths can be seen in Figure 5.5.
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5.4. From Paths to Channel Gains

Figure 5.5: Paths created in Sionna RT. Allowed with a maximum of 3 interactions with objects within the
scene, focusing solely on identifying LOS and reflection paths. The recorded paths are illustrated as white
lines generated by casting rays from the transmitter to the receiver, which are the green and blue circles,
respectively.

5.4 From Paths to Channel Gains

The derivation of the channel impulse response is provided in depth in Section 4.7. In Sionna
RT, the resulting channel impulse response provides the path coefficients a and the path
delays ⌧ for each path. These coefficients and delays are components within the narrowband
model. Employing a narrowband model simplifies our approach by focusing on a specific
frequency range, reducing computational complexity. Furthermore, it is less susceptible to
distortion caused by delay spread, ensuring a more accurate representation of the received
signal’s characteristics [10, p. 84]. The narrowband model can be expressed as

y = hx+ n.

Here y is the received signal, x is the transmitted signal, n is additive white complex Gaussian
noise, and h is the complex channel coefficient given by

h =
NX

m=1

ame�i2⇡f⌧m ,

where am represents the amplitude of each path m and ⌧m is the path delay. The channel
gain |h| is determined by taking the absolute value of h [19, p. 3] [37, p. 36]. The channel gain
from our narrowband model forms our synthetic dataset for training FNOs. The architecture
of the model is presented in the next chapter.
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6 Architecture of Fourier Neural Op-

erator to Interpolate Channel Gains

The purpose of this chapter is to walk through the setup, from the preparation of data to
the architecture of the FNO. Our goal is to approximate the operator G† by a parameterised
operator as presented in Chapter 3.

6.1 Data Generation

This section will outline the methodology for generating data used in training, validating, and
testing the FNO. The data generation process involves computing the channel gain between
a stationary set of transmitter locations and a mobile receiver using Sionna RT.

We are generating the data using the digital twin of Fredrik Bajers Vej 7, as described in
Section 5.1. The transmitter positions are confined within the green square measuring 10⇥10

m, centred in the courtyard of Fredrik Bajers Vej 7, as depicted in Figure 6.1. Furthermore,
the potential receiver locations form the yellow square frame measuring 20 ⇥ 20 m, centred
on the same coordinates as the green square, as depicted in Figure 6.1. Note that the green
square and the yellow square frame do not overlap.

Figure 6.1: A digital twin of Fredrik Bajers Vej 7. The green square covers a 10 ⇥ 10 m area of the
transmitter positions. The yellow square frame covers a 20 ⇥ 20 m area of the receiver positions. Origo is
illustrated by the red dot.

The channel gains are measured in a 10 ⇥ 10 grid, resulting in 100 deterministic measured
points. The distance between the measured points is 1.11 m. The interpolated points are
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6.1. Data Generation

likewise generated in a 20 ⇥ 20 grid, giving a total of 400 interpolated points. The distance
between the interpolated points is 0.53 m. See Figure 6.2.

Figure 6.2: The 10⇥ 10 measured points and 20⇥ 20 interpolated points plot.

In order to generate different realisations of the data, the receiver is moved inside the yellow
square frame depicted in Figure 6.1. The receiver positions are drawn i.i.d. from a uniform
distribution within the yellow square frame. For each receiver coordinate, the channel gain
is simulated for each transmitter location both in the 10 ⇥ 10 measurement points and in
the 20 ⇥ 20 interpolation points. This is done for 1600 receiver positions, resulting in 1600

datasets. The measurement points will be stored in the input tensor called A, and the
interpolation points will be stored in the output tensor called U. The tensor structure will
be described in the next section.

The Input and Output Tensors

The input to the FNO is a tensor A 2 R5⇥Nux⇥Nuy⇥Nax⇥Nay , where Nux and Nuy denote the
number of interpolated points in the x and y axes, respectively. Likewise, Nax and Nay denote
the number of measured points in the x and y axes, respectively. The four last dimensions
will be referred to as the spatial dimensions. The first dimension has a length of 5 and is
referred to as the channel dimension, given by

A[:, i, j, k, l] = [|h(xak , yal)|, xui , yuj , xak , yal ]
|
.

The first entry in the channel dimension is the channel gain of the measurement points
(xak , yal) denoted |h(xak , yal)|. The second and third entries are the x and y values of the
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6.2. Architecture of the Fourier Neural Operator

interpolated points, denoted as {xui}
Nux
i=1 and {yuj}

Nuy

j=1 , respectively. The fourth and fifth

entries are the x and y values of the measurement points, denoted as {xak}
Nax
k=1 and {yal}

Nay

l=1 ,
respectively. Note that the channel gains are repeated in the last two spatial dimensions, i.e.,
the fourth and fifth dimensions.

The output of the FNO is a tensor U 2 R1⇥Nux⇥Nuy⇥Nax⇥Nay with one channel dimen-
sion

U[:, i, j, k, l] = |h(xui , yuj )|.

The output tensor has one channel, the channel gain, corresponding to the interpolation
points (xui , yuj ) denoted |h(xui , yuj )|. Again, note that the channel gains are repeated this
time in the first two spatial dimensions, i.e., the second and third dimensions.

The reason for repeating the channel gains in both the input and output tensors is in order
to facilitate the discretisation-invariance in both the number of measurement points and
interpolated points.

6.2 Architecture of the Fourier Neural Operator

The FNO is based on the model proposed in [26], which is also described in Chapter 3.
A breakdown of the model layers and their number of learnable parameters is presented in
Table 6.1.

Neural Network Architecture

Layer Type Output Dimensionality Learnable Parameters

1 Fully Connected Layer 64⇥Nux ⇥Nuy ⇥Nax ⇥Nay 384
2 Fully Connected Layer 32⇥Nux ⇥Nuy ⇥Nax ⇥Nay 2080
3 Fourier Layer 32⇥Nux ⇥Nuy ⇥Nax ⇥Nay 769056
4 Fourier Layer 32⇥Nux ⇥Nuy ⇥Nax ⇥Nay 769056
5 Fourier Layer 32⇥Nux ⇥Nuy ⇥Nax ⇥Nay 769056
6 Fourier Layer 32⇥Nux ⇥Nuy ⇥Nax ⇥Nay 769056
7 Fully Connected Layer 64⇥Nux ⇥Nuy ⇥Nax ⇥Nay 2112
8 Fully Connected Layer 1⇥Nux ⇥Nuy ⇥Nax ⇥Nay 65

Table 6.1: The neural network architecture for the FNO. The model includes a total of 3,080,865 learnable
parameters.
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6.2. Architecture of the Fourier Neural Operator

Activation Function

The same activation function is used both in the Fourier layers and the fully connected layers.
The activation function used in each layer is the Gaussian Error Linear Unit (GELU), defined
as

GELU(x) = x�(x),

where �(x) is the cumulative distribution function for a standard Gaussian distribution. The
GELU function is estimated as

GELU(x) =
1

2
x

 
1 + tanh

 r
2

⇡

�
x+ 0.044715x3

�
!!

.

The GELU activation function is a smooth approximation of the Rectified Linear Unit (ReLU)
function. It smoothly transitions between zero and the input value, allowing for a more
continuous activation compared to the ReLU. See Figure 6.3.

Figure 6.3: Plot of the GELU and ReLU activation functions.

Furthermore, GELU has been found to improve performance across various domains, includ-
ing computer vision, natural language processing, and speech tasks [12].

Layers

The input data is first processed by the lifting layer, which transforms the input from having
5 channels to a higher-dimensional representation with 32 channels. The lifting layer is a
multi-layer perceptron with one hidden layer of dimension 64.

The lifted representation is then passed through the four Fourier layers. All the Fourier
layers have the same input and output channel dimensions of 32. Each Fourier layer consists
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6.2. Architecture of the Fourier Neural Operator

of a spectral convolution and a skip connection. The spectral convolution is implemented by
taking a 4D FFT on the spatial dimensions. Only the Fourier coefficients in the set

Zkmax = {k 2 Z4 : |kj |  5 for j = 1, . . . , 4}

are kept. Hence, only the first 5 Fourier coefficients in each spatial dimension are saved. The
coefficients are then multiplied by a trainable complex matrix and zero-padded to the original
size before the inverse 4D FFT is applied.

The skip connection multiplies each spatial dimension with a 32 ⇥ 32 weight matrix and
adds a bias. The skip connection facilitates the flow of gradients during training, helping to
improve the stability and convergence of the network.

The outputs from the spectral convolution and skip connection are added, and a GELU
activation function is applied to each element individually.

The output from the Fourier layers is processed by the projection layer, which is another
multi-layer perceptron with one hidden layer with dimension 64. The multi-layer perceptron
transforms the output of the last Fourier layers back into the channel output dimension of
1.

Training Procedure and Loss Functions

The network is trained by back propagation using the Adam optimiser. The Adam optimiser
is initialised with an initial learning rate of 0.001. Furthermore, the learning rate is decreased
by a factor of 0.7 every 50 epoch.

The loss function is used to compute the loss between the predicted output Û and the ground
truth output U. The loss function used is the relative `2 loss

`2 loss(Û,U) =

���Û�U
���
2

kUk2
.

The validation loss is calculated as the average loss over the validation data set and is given
by

`2 val =
1

Nval

NvalX

i=1

���Ûi �Ui

���
2

kUik2
,

where Nval is the number of samples in the validation set and Ûi and Ui are the ith prediction
and ground truth output, respectively.

The test loss is calculated in the same way as

`2 test =
1

Ntest

NtestX

i=1

���Ûi �Ui

���
2

kUik2
,

where Ntest is the number of samples in the test set.
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Hyperparameter Overview

Below in Table 6.2 is an overview of the hyperparameters used in our FNO.

Parameter Value

Number of Fourier layers 4
Fourier modes (5, 5, 5, 5)
Hidden channels 32
Lifting hidden layers dimension 64
Projection hidden layers dimension 64
Initial learning rate 0.001
Learning rate decay factor 0.7
Period of learning rate decay 50
Epochs 350

Table 6.2: Model hyperparameters.
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7 Experiments

This chapter focuses on presenting the experiments conducted to evaluate the performance of
the FNO in interpolating channel gains. The performance entails a comparison between the
predicted channel gains and the ground truth channel gains. The FNO will also be compared
to a simple baseline model. Furthermore, a sensitivity analysis will be conducted.

7.1 Results

The experiment is constructed based on the configuration detailed in Section 6.1. The archi-
tecture of the developed model is described in Chapter 6. The data is split into the sets seen
in Table 7.1. The input and output resolution in all the sets are fixed at 10⇥ 10 and 20⇥ 20,
respectively.

Set Size in %

Training 70

Validation 15

Test 15

Table 7.1

In Figure 7.1, the training and validation loss as a function of epochs is shown for two models
with the same hyperparameters as shown in Table 6.2. The only difference is the weight
initialisation. We have observed that the model does not converge every time. The model in
Figure 7.1a converges, while the model in Figure 7.1b does not.

(a) Training and validation loss per epoch for a model that
converges. The test loss is 0.224.

(b) Training and validation loss per epoch for a model
that does not converge. The test loss is 0.448.

Figure 7.1
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For the model that converges, both the training and validation loss decrease as the number of
epochs increases and drops around the 70th epoch. Towards the end of training, the validation
loss diverges slightly from the training loss, suggesting potential overfitting. Additionally,
there are some spikes in the training loss. For the rest of the section, the model, whose loss
is depicted in Figure 7.1a will be used.

The results from one of the test sets are shown in Figure 7.2. The input to the model can be
seen in Figure 7.2a. The ground truth of channel gains in a higher resolution can be seen in
Figure 7.2b, and the predicted output from the model can be seen in Figure 7.2c. The model
captures details such as the curve-like structure in the upper right corner. The residuals
are calculated as the absolute difference between the ground truth and predicted output, see
Figure 7.2d. The FNO predicts the output for each input point. It has been observed that
the predictions do not vary a lot in the output tensor. Hence, only the first prediction is
shown.

(a) The input to the FNO. (b) The ground truth channel gains.

(c) The predicted channel gains from the FNO. a
(d) The residuals. Note that the scaling on the z-axis
differs from the first three plots. The scaling is logarithmic,
facilitating clearer observation of the differences.

Figure 7.2: The receiver is placed at coordinates (25.10, 20.82, 1.15) and the test loss is 0.0953.
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7.1. Results

The results from one of the test sets with a higher test loss are shown in Figure 7.3.

(a) The input to the FNO. (b) The ground truth channel gains.

(c) The predicted channel gains from the FNO. (d) The residuals. Note that the scaling on the z-axis dif-
fers from the first three plots. The scaling is logarithmic,
facilitating clearer observation of the differences.

Figure 7.3: The receiver is placed at coordinates (24.07, 16.68, 1.15) and the test loss is 0.427.

The test loss for this test set is 0.427, which is higher compared to the test loss of 0.0953
obtained in Figure 7.2. This may be explained by comparing the ground truth channel gains
in Figure 7.3b with the predicted channel gains in Figure 7.3c. It can be seen that the model
predicts higher channel gains at locations where low channel gains are present. This entails
larger residuals, as can be seen in Figure 7.3d.
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7.2. Baseline Model

7.2 Baseline Model

To investigate the performance of the FNO, we will compare it to a baseline model. The base-
line is a simple model that uses bilinear interpolation. This interpolation method interpolates
values within a two-dimensional rectangular grid based on the values of its surrounding grid
points by considering linear interpolation in two dimensions [21, pp. 261–262]. The purpose
of comparing to this baseline is to investigate how a simple model performs compared to our
FNO. It should be noted that the baseline model is not a state-of-the-art algorithm. There-
fore, the baseline model cannot verify whether the FNO performs well compared to other
existing models.

Initially, the baseline model was tested on the original test set described in Section 7.1. The
baseline model obtained a test loss of 0.104 compared to the test loss of 0.224 obtained from
the FNO.

To further investigate and compare the performance of the FNO and the baseline model, we
have conducted experiments varying either input or output resolution in the test data while
keeping the other fixed. The reason to do this was to see how well the two models perform
when faced with different input or output resolutions. Especially how the performance of
the FNO behaves with different input or output resolutions from those seen during training.
Recall that the FNO is only trained on a 10 ⇥ 10 input resolution and a 20 ⇥ 20 output
resolution.

Output Resolution

The first experiment was conducted by varying the output resolution within the test data
while keeping the input resolution fixed. Hence, the test data consists of 50 data samples for
each output resolution ranging from 20⇥ 20 to 50⇥ 50, with the input resolution remaining
fixed at 10 ⇥ 10, see Table 7.2. The same receiver locations are used between data sets,
meaning that only the output resolution varies between the sets.

Test Set Input Resolution Output Resolution

1 10⇥ 10 20⇥ 20

2 10⇥ 10 30⇥ 30

3 10⇥ 10 40⇥ 40

4 10⇥ 10 50⇥ 50

Table 7.2: Test sets for different output resolutions.

The results of these experiments are depicted in Figure 7.4, where the test loss is plotted as a
function of four different output resolutions for both the FNO and the baseline model.
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7.2. Baseline Model

(a) Test loss as a function of output resolution for the
FNO.

(b) Test loss as a function of output resolution for the
baseline model.

Figure 7.4

For both plots, it is observed that as the size of the output resolution increases, the test loss
increases as well. The smallest test loss for both models is when the output resolution is
20⇥ 20, which for the FNO is the same resolution it was trained on. This suggests that the
FNO performs best when the output resolution aligns with the resolution it has been trained
on. Additionally, the increase in the test loss for the FNO is notable as the output resolution
increases from 20 ⇥ 20 to 30 ⇥ 30; however, it is less pronounced as the output resolution
increases from 30⇥30 to 40⇥40, and similarly from 40⇥40 to 50⇥50. In contrast, the baseline
model shows minimal variation in test loss across all the different output resolutions.

The results from one of the test sets are shown in Figure 7.5, where the input resolution is
10⇥ 10 and the output resolution is 30⇥ 30. The input to the FNO and the baseline model
can be seen in Figure 7.5a. The ground truth of channel gains can be seen in Figure 7.5b.
The predicted output from the FNO and baseline model can be seen in Figure 7.5c and
Figure 7.5d, respectively. The residuals for the FNO and baseline model can be seen in
Figure 7.5e and Figure 7.5f, respectively.
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7.2. Baseline Model

(a) The input to the FNO and baseline model. (b) The ground truth channel gains.

(c) The predicted channel gains for the FNO. (d) The predicted channel gains for the baseline model.

(e) The residuals for the FNO. (f) The residuals for the baseline model.

Figure 7.5: The input resolution is 10 ⇥ 10 and the output resolution is 30 ⇥ 30. The receiver is placed
at coordinates (21.12, 11.02, 1.15) and the test loss for the FNO and baseline model are 0.295 and 0.070,
respectively.

The test loss is higher for the FNO compared to the baseline model. Visually, the baseline’s
prediction has a closer resemblance to the ground truth than the prediction from the FNO.

45



7.2. Baseline Model

This is also confirmed by looking at the residuals, where the residuals in general are higher
valued for the FNO than for the baseline.

Input Resolution

The second experiment was conducted by varying the input resolution in the test data while
keeping the output resolution fixed. Hence, the test data consists of 50 data samples for each
input resolution ranging from 10⇥ 10 to 40⇥ 40, with the output resolution remaining fixed
at 50 ⇥ 50, see Table 7.3. Again, the same receiver locations are used between data sets,
meaning that only the output resolution varies between the sets.

Test Set Input Resolution Output Resolution

1 10⇥ 10 50⇥ 50

2 20⇥ 20 50⇥ 50

3 30⇥ 30 50⇥ 50

4 40⇥ 40 50⇥ 50

Table 7.3: Test sets for different input resolutions.

The results of these experiments are depicted in Figure 7.6, where the test loss is plotted as
a function of four different input resolutions for both the FNO and the baseline model.

(a) Test loss as a function of input resolution for the
FNO.

(b) Test loss as a function of input resolution for the
baseline model.

Figure 7.6

In Figure 7.6a, it is observed that as the size of the input resolution increases, the test loss
increases as well. The smallest test loss is when the input resolution is 10 ⇥ 10, which is
the same resolution the FNO was trained on. Conversely, in Figure 7.6b, it is observed that
as the size of the input resolution increases, the test loss decreases. This was expected, as
higher input resolution provides more information to the model, resulting in decreased test
loss.
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7.2. Baseline Model

The results from one of the test sets are shown in Figure 7.7, where the input resolution is
30⇥ 30 and the output resolution is 50⇥ 50. The input to the FNO and the baseline model
can be seen in Figure 7.7a. The ground truth of channel gains can be seen in Figure 7.7b.
The predicted output from the FNO and baseline model can be seen in Figure 7.7c and
Figure 7.7d, respectively. The residuals for the FNO and baseline model can be seen in
Figure 7.7e and Figure 7.7f, respectively.
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7.2. Baseline Model

(a) The input to the FNO and the baseline model. (b) The ground truth channel gains.

(c) The predicted channel gains from the FNO. (d) The predicted channel gains from the baseline model.

(e) The residuals for the FNO. (f) The residuals for the baseline model.

Figure 7.7: The input resolution is 30 ⇥ 30 and output resolution is 50 ⇥ 50. The receiver is placed at
coordinates (14.26, 23.32, 1.15) and the test loss for the FNO and baseline are 0.352 and 0.055, respectively.

The test loss is again higher for the FNO compared to the baseline model. Visually, the
baseline’s prediction captures finer details from the ground truth than the prediction from
the FNO. This is also confirmed by looking at the residuals, where the residuals, in general, are
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7.3. Sensitivity Analysis

of higher value for the FNO compared to the baseline model. Furthermore, the finer details
emerge in the residual plot, suggesting that the FNO encounters challenges in accurately
predicting them.

7.3 Sensitivity Analysis

In this section, the aim is to investigate how sensitive the input given to the FNO is to noise.
Specifically, Gaussian noise is added to the channel gains in the existing test data. Thus, an
analysis of how the test loss changes as the variance in the noise increases is made.

Impact of Gaussian Noise Variance on Test Loss

Gaussian noise with a mean of 0 and varying variances is added to the input data, simulating
noisy measurements. The variance ranges from 10�7 to 9 · 10�7 with a step size of 10�7.
The step size is chosen such that there are 9 equidistant steps from the beginning to the end
of the variance range. To avoid obtaining infeasible negative channel gain measurements, a
new sample is drawn from the Gaussian distribution until the resulting channel gain is no
longer negative. Consequently, this process introduces skewness to the dataset but is chosen
to align with real-world constraints.
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7.3. Sensitivity Analysis

Figure 7.8: The variance ranges from 10�7 to 9 · 10�7, where each step is a simulation of 1000 instances to
create its own boxplot. The orange line in the boxplot is the median, and the dashed green line is the mean
value.

50



7.3. Sensitivity Analysis

Figure 7.8 illustrates the test loss as a function of variance in the noise added to the input
data. The box in the boxplot represents the interquartile range, which is the middle 50% of
the data. The median divides the data into two halves, with 50% of the observations falling
below it and 50% above it. The bottom edge of the box represents the first quartile. This
is the value below which 25% of the data falls. The top edge of the box represents the third
quartile. This is the value below which 75% of the data falls. The whiskers extend to the
furthest data points within 1.5 times the interquartile range, which is the range between the
first and the third quartile. Any data points beyond the whiskers are considered outliers and
are illustrated as dots.

Initially, with no added noise, the test loss for the dataset is 0.22. As the variance increases,
the test loss generally increases as well. The interquartile range tends to increase with higher
variances, indicating more variability in the loss values at higher variances.

A Visual Representation of the Influence of Noise

To illustrate the sensitivity analysis, we focus on three specific examples. The three variance
levels are 10�7

, 4·10�7, and 9·10�7, and will be referred to as low, medium, and high variance,
respectively. Additionally, the noiseless input data, along with its corresponding prediction
and residuals, will be plotted to provide a reference point for the sensitivity analysis. We anal-
yse how the test loss changes when Gaussian noise is added to the input at a specific receiver
coordinate. We consider the receiver positioned at coordinates (24.75, 21.21, 1.15).

Given the coordinates, the receiver is placed at the top right corner of the orange square, as
described in Section 6.1. Consequently, high channel gain values are received in the top right
corner of the input, output, and prediction.

By adding noise to the input for the different levels of variances, the corresponding channel
gains can be seen in Figure 7.9.
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7.3. Sensitivity Analysis

(a) Input without noise. (b) Low noise variance.

(c) Medium noise variance. (d) High noise variance.

Figure 7.9: Effect on the input for different levels of noise variance. The input resolution is 10⇥ 10.

The added noise visually alters the input, increasing multiple channel gains as the noise
variance is increased. This can be seen in Figure 7.9b, Figure 7.9c, and Figure 7.9d for the
low, medium, and high variance of noise, respectively.

When each noisy input from Figure 7.9 is input to the FNO, it generates a 20⇥20 resolution
prediction, as illustrated in Figure 7.10.
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7.3. Sensitivity Analysis

(a) Ground Truth.

(b) Without noise with a test loss of 0.138. (c) Low noise variance with a test loss of 0.160.

(d) Medium noise variance with a test loss of 0.184. (e) High noise variance with a test loss of 0.202.

Figure 7.10: Effect on the prediction for different levels of noise variance. The output resolution is 20⇥ 20.

The main impact is observed at the edges, where the channel gains are predicted as higher
values. However, when the noise with high variance is added in Figure 7.10e some of the high
channel gains at the edges are decreased.
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7.3. Sensitivity Analysis

To further evaluate the prediction against the ground truth, the residuals are plotted in
Figure 7.11, showing the difference between predicted and ground truth channel gains.

(a) Residuals without noise. (b) Low noise variance.

(c) Medium noise variance. (d) High noise variance.

Figure 7.11: Residuals between predictions from the noisy input data and ground truth.

For all residual plots, the highest values are located in the upper right corner. It can be
observed that as the noise variance increases, the residuals’ values do too.
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8 Discussion

In this project, a model for interpolating channel gains with arbitrary discretisation in both
the number of measurements and the number of interpolated points has been developed. The
model was proposed in Chapter 6. The model was trained and tested on simulated channel
gains generated using Sionna RT, as described in Chapter 7. The generated training data has
an input resolution of 10⇥10 and an output resolution of 20⇥20. The model was trained and
obtained a test loss of 0.22. A baseline model was also proposed in Chapter 7 using bilinear
interpolation. The baseline has a test loss of 0.10. Hence, the baseline model outperforms
the proposed FNO model on the test set. Furthermore, it is observed that the FNO model
sometimes produces artefacts in the prediction where it produces high channel gains. This
can be seen in Figure 7.3 with a test loss of 0.427. However, in other samples from the test
set, the model performs better with no artefacts present. This can be seen in Figure 7.2 with
a test loss of 0.0953. Hence, the test loss varies a lot between samples in the test set, which
could lead to an overall higher test loss. This could potentially be mitigated by having more
data and, hence, a larger test set.

Invariance to Discretisation

One feature of the proposed FNO model is that it is discretisation-invariant both in the
number of measurements and the number of interpolated points. To validate this claim,
different test sets were generated with the same input discretisation of 10⇥ 10 and different
output discretisations. The results of the tests can be seen in Figure 7.4. It was found that
the test loss increases as the output resolution increases for the FNO and baseline models,
as expected. It is also worth noting that the loss is much lower when the input and output
discretisation are the same as in the training data. However, test loss does not increase as
rapidly between the output resolutions, which the FNO is not trained on. The FNO model is
to some extent discretisation-invariant in the output resolution, however, it performs best on
data it has seen in training. A way to mitigate this could be to include different discretisations
in the training data set.

The FNO model’s ability to be input discretisation-invariant was also tested by generating
different test sets with different input discretisations and the same output discretisation of
50⇥50. The results of the tests can be seen in Figure 7.6. The test loss increases as the input
resolution increases for the FNO model, which is not what is expected. The FNO performs
the best when the input resolution is 10⇥ 10, which is the same input resolution as the FNO
was trained on. Since the loss increases as the input resolution increases, the FNO is not
discretisation-invariant in the input. Again, this could potentially be mitigated by training
with multiple different input discretisations.
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Training Process

Achieving convergence during training proved challenging in our experiments, as seen in Fig-
ure 7.1. Even though the two plots have the same hyperparameters, the training loss only
converged for one of them. This inconsistency suggests that we need to further investigate
techniques to improve the convergence. Hyperparameter tuning could have potentially ad-
dressed this issue by optimising the model parameters for better convergence. Data augmen-
tation could also have been employed. There are several methods in which data augmentation
may be employed; for instance, introducing noise to the data or training in various environ-
ments may contribute to better performance. Additionally, expanding the training data set
by incorporating different discretisations could address the convergence problem as well as
the discretisation-invariance problem.

Due to the structure of the output tensor U, the FNO predicts the same output for each
point in the input. This means that the FNO needs to learn in the training process to predict
the same output for all the input points. This also leads to a higher number of parameters
in the model than are required. This could be one of the explanations for the difficulty in
training the FNO. The trained FNO does not predict the same in all the outputs.

Hyperparameter Tuning

The hyperparameters were initially chosen to match the ones in [26]. We decided to use 5
Fourier modes in each dimension instead of 12. The reason for this choice was that we could
use data at a lower resolution. However, there is a trade-off since less information is used
from the input to predict the output. Hence, a higher number of Fourier modes could lead to
better performance. This could also improve the performance when predicting output with a
discretisation that has not been seen before since more of the input information is used.

We have experimented with learning rates, as it is the most important hyperparameter for
tuning networks. We have tried experimenting with a fixed learning rate, however, that did
not converge. Consequently, the majority of our tuning focused on adjusting the learning
rate decay factor and decay period. Hence, we found that decreasing the learning rate from
the initial value of 0.001 by a factor of 0.7 every 50 epochs, similar to what is done in [26],
was most effective.

Following a similar approach as [26], we have chosen to have 32 hidden channels. This is
another hyperparameter we could have experimented with.

Sensitive to Noise

The sensitivity analysis conducted has yielded insights into the model’s behaviour under
varying noise conditions. Notably, a sensitivity to small changes in the variance of the added
noise was observed in Figure 7.8. The box plots representing test loss for each noise variance
yielded test losses widely spread on the y-axis. This indicates that the model is highly
sensitive to even small fluctuations in noise variance. The model was not trained on noisy
data, which may contribute to its observed sensitivity to noise. Moreover, it is plausible to
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think that datasets closely resembling those used for model training exhibit lower sensitivity
to noise. This prompts considerations for refining our training data to include datasets that
better represent real-world scenarios, thus potentially enhancing the model’s robustness to
noise perturbations.
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9 Conclusion

In this project, we investigated how to utilise FNOs to interpolate channel gains. Further-
more, we aimed to achieve a discretisation-invariant FNO, which is desirable as it would
enable the model to be applied to different discretisations beyond those it was trained on.
This led to the following problem statement:

How can a Fourier neural operator be utilised for interpolating channel gains, and can a
discretisation-invariant operator be achieved?

To answer this, we first presented the theory of FNOs. Afterwards, we introduced Sionna RT,
which was used to simulate data at a scene made to digitalise Fredrik Bajers Vej 7. Maxwell’s
differential equations were presented as they provide the underlying theory of propagating
electromagnetic waves. These equations yield the underlying differential equations that our
FNO aims to solve to predict the behaviour of electromagnetic waves. The FNO model was
constructed based on [26] with our own adaptations. The model was trained on a dataset with
input resolution 10⇥10 and output resolution 20⇥20. The test loss of the model was compared
to that of a baseline model using bilinear interpolation, with selected predictions and their
residuals presented for evaluation. To investigate the model’s discretisation-invariance, we
varied the output resolution for a fixed input resolution and the input resolution for a fixed
output resolution. This process was also applied to the baseline model for comparison.
Additionally, a sensitivity analysis was conducted by adding Gaussian noise with varying
levels of variance to the input, assessing the model’s robustness to noise.

In conclusion, we successfully developed a FNO to interpolate channel gains. However,
our model achieved a test loss of 0.224, while a baseline model using bilinear interpola-
tion achieved a lower test loss of 0.104. Therefore, it can be concluded that the baseline
model outperforms the FNO we trained.

The FNO demonstrated a degree of discretisation-invariance when the output resolution
was varied for a fixed input resolution. It achieved the lowest test loss on the output res-
olution it was trained on, but the differences in the test loss for previously unseen output
resolutions were minimal. Therefore, it can be concluded that the FNO shows signs of
being discretisation-invariant in terms of output resolution. However, the model was not
discretisation-invariant when the input resolution was varied for a fixed output resolution.
In fact, the test loss increased as the input resolution increased, which was contrary to our
expectations. Additionally, the FNO showed sensitivity to noise, which further impacted its
performance.

Overall, while our FNO displayed some promising characteristics, it was outperformed by
the baseline model and exhibited limitations in terms of discretisation-invariance and noise
sensitivity.
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10 Future Work

The proposed FNO model is only trained on a limited area of the larger environment at
Fredrik Bajers Vej 7. It would be interesting to train the model on data generated at multiple
locations in the environment. A proposed segmentation of the courtyard can be seen in
Figure 10.1. This would lead to a larger training set with more variation, which could
increase the performance of the model.

Figure 10.1: A proposed segmentation of the courtyard at Fredrik Bajers Vej 7.

It would also be interesting to investigate whether the model learns parameters specific to
the environment it is trained on, such as material properties and building locations. This is
feasible due to the inclusion of the location of each measured data point in the input tensor
given to the FNO.

This also allows for potentially employing the real-world data described in Section 1.4 for
transfer learning purposes. In this scenario, the model would first be trained on simulated
data from Sionna RT and then fine-tuned on real-world data. This approach is advantageous
because it requires less real data to train the model initially. Furthermore, the real-world
data captures details in the environment that simulations do not encompass; for example,
the presence of trees, which are absent in the simulation.

It could also be interesting to investigate using other deep learning architectures to address the
problem. For instance, one could consider employing a convolutional neural network architec-
ture, such as UNet, which was proposed in [25]. This enables the possibility of incorporating
additional input data beyond measured channel gains. For instance, one could include the
locations of buildings or a satellite image of the environment alongside the measured channel
gains as inputs to the convolutional neural network. However, such an architecture is not
discretisation-invariant.
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A Appendix

A.1 Fourier Transform

In this section definitions and theorems related to the Fourier transform of vector-valued
functions are presented. This will be used to develop the Fourier neural operator.

The Fourier transform is first defined on a scalar-valued function f : Rn ! R and then
extended to a vector-valued function f : Rn ! Rm.

Definition A.1 (Fourier Transform)

Let f : Rn ! R. Then its Fourier transform f̂ = F(f) is defined as

f̂(!) = F(f)(!) =

Z

Rn
e�i!|x

f(x)dx for ! 2 Rn
.

If it is assumed that f̂ 2 L
1 then the inverse Fourier transform f = F�1(f̂) is defined as

f(x) = F�1(f)(x) =
1

(2⇡)n

Z

Rn
ei!

|x
f̂(!)d! for x 2 Rn

.

[9, pp. 243–244]

Definition A.2 (Fourier Transform of Vector-Valued Functions)

Let f : Rn ! Rm be a vector-valued function. Then its Fourier transform f̂ = F(f) is
defined as the Fourier transform element-wise

f̂j(!) = (F(f))j(!) =

Z

Rn
e�i!|x

fj(x)dx for ! 2 Rn
, j = 1, . . . ,m.

If it is assumed that f̂i 2 L
1 then the inverse Fourier transform f = F�1(̂f) is defined as

fj(x) = (F�1(f))j(x) =
1

(2⇡)n

Z

Rn
ei!

|x
f̂j(!)d! for x 2 Rn

, j = 1, . . . ,m.

The Fourier transform of a matrix-valued function g : Rn ! Rm⇥m is likewise defined as
the Fourier transform element-wise. [9, pp. 243–244][26, p. 5]
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A.2. Convolution

A.2 Convolution

In this section, the convolution theorem between a vector-valued function and a matrix-valued
function is presented. Initially, convolution for scalar-valued functions is defined followed by
stating the convolution theorem.

Definition A.3 (Convolution for Scalar-Valued Functions)

Let f : Rn ! R and g : Rn ! R. Then the convolution between the two functions is defined
as

f ⇤ g(x) =
Z

Rn
f(y)g(x � y)dy for x 2 Rn

,

provided that the integral exists. [9, p. 242]

Theorem A.4 (Convolution Theorem for Scalar-Valued Functions)

Let f : Rn ! R and g : Rn ! R. If g 2 L
1 and f ⇤ g 2 L

1 then

F(f ⇤ g) = F(f)F(g).

[9, Theorem 7.8(d)]

The proof is omitted but can be found in [9, p. 244].

The convolution theorem will now be extended to the convolution between a vector-valued
function and a matrix-valued function. This theorem is used in the derivation of the Fourier
neural operator.

Theorem A.5 (Convolution Theorem for Matrix- and Vector-Valued Functions)

Let f : Rn ! Rm⇥m and g : Rn ! Rm. It is assumed that all the entries of f and g are in
L
1. Then convolution between the two functions is given by

f ⇤ g(x) =

Z

Rn
f(y)g(x � y)dy for x 2 Rn

.

The Fourier transform of the convolution is the matrix-vector product of f̂ and ĝ

F(f ⇤ g)(!) = f̂(!)ĝ(!) for ! 2 Rn
.
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A.2. Convolution

Proof

The convolution can be rewritten as

f ⇤ g(x) =

Z

Rn
f(y)g(x � y)dy

=

Z

Rn

2

66664

P
m

j=1 fj,1(y)gj(x � y)P
m

j=1 fj,2(y)gj(x � y)
.
.
.P

m

j=1 fj,m(y)gj(x � y)

3

77775
dy

=
mX

j=1

2

66664

(fj,1 ⇤ gj)(x)
(fj,2 ⇤ gj)(x)

.

.

.

(fj,m ⇤ gj)(x)

3

77775
.

The Fourier transform is then applied

F(f ⇤ g)(!) = F

0

BBBB@

mX

j=1

2

66664

(fj,1 ⇤ gj)(x)
(fj,2 ⇤ gj)(x)

.

.

.

(fj,m ⇤ gj)(x)

3

77775

1

CCCCA

=
mX

j=1

2

66664

F(fj,1 ⇤ gj)(!)

F(fj,2 ⇤ gj)(!)
.
.
.

F(fj,m ⇤ gj)(!)

3

77775

=

2

66664

P
m

j=1 f̂j,1(!)ĝj(!)P
m

j=1 f̂j,2(!)ĝj(!)
.
.
.P

m

j=1 f̂j,m(!)ĝj(!)

3

77775

= f̂(!)ĝ(!). ⌅
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